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We consider the problem of simultaneous extension of continuous uniformly disconnected metrics defined on compact subsets of a zero-dimensional metrizable compact topological
space. We prove that the construction of operators extending partial ultrametrics from recent
publications of E. D. Tymchatyn, M. M. Zarichnyi and the author can be applied to extending
uniformly disconnected metrics.
È. Ç. Ñòàñþê. Îïåðàòîðû ïðîäîëæåíèÿ ðàâíîìåðíî íåñâÿçíûõ ìåòðèê // Ìàòåìàòè÷íi
Ñòóäi¨.  2006.  Ò.26, 1.  C.101104.
Ðàññìàòðèâàåòñÿ çàäà÷à îäíîâðåìåííîãî ïðîäîëæåíèÿ íåïðåðûâíûõ ðàâíîìåðíî íåñâÿçíûõ ìåòðèê, îïðåäåëåííûõ íà êîìïàêòíûõ ïîäìíîæåñòâàõ íóëüìåðíîãî ìåòðèçóåìîãî
êîìïàêòíîãî òîïîëîãè÷åñêîãî ïðîñòðàíñòâà. Äîêàçàíî, ÷òî êîíñòðóêöèÿ îïåðàòîðîâ ïðîäîëæåíèÿ ÷àñòè÷íûõ óëüòðàìåòðèê, ïðåäëîæåííàÿ â ñòàòüÿõ Ý. Ä. Òûì÷àòûíà, Ì. Ì. Çàðè÷íîãî è àâòîðà ìîæåò áûòü èñïîëüçîâàíà äëÿ ïðîäîëæåíèÿ ðàâíîìåðíî íåñâÿçíûõ ìåòðèê.

1. Introduction. The problem of extension a single continuous metric defined on a closed
subset of a metrizable topological space onto the whole space was initially considered by
Felix Hausdorff in [1]. Later Hausdorff's theorem on existence of such an extension was
rediscovered by many authors. The problem of existence of linear operators extending the
cone of (pseudo)metrics was posed and solved for some special cases by C. Bessaga (see [3],
[2]). T. O. Banakh was first to obtain the complete solution of the above problem [4] (see
also [5]). A simple proof of the existence of a linear operator extending metrics was presented
by M. M. Zarichnyi in [6].
In addition to theorems on extension usual (pseudo)metrics one should mention various
results concerning the extension of (pseudo)metrics with special properties. It was shown
in [7] that there exists an operator which simultaneously extends continuous ultrametrics
defined on compact subsets of a metrizable zero-dimensional compact space. It was observed
that the extension operator is continuous with respect to the uniform topology on the set
of partial ultrametrics. Moreover, it preserves the maximum of two ultrametrics which have
a common domain and the so-called Assouad dimension of an ultrametric space (see [10],
[11] for the definition). A modification of the construction from [7] allows us to obtain an
extension operator which, in addition to the properties established in [7], is homogeneous
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(see [8]). In [12] the class of uniformly disconnected metrics is introduced (see the definition
below). These metrics are precisely the bi-Lipschitz images of ultrametrics (see [12]). It is
easy to verify that every ultrametric is in fact a 1-uniformly disconnected metric. M. Zarichnyi asked whether the operator constructed in [8] preserves uniformly disconnected metrics.
We answer this question in affirmative.

2. Preliminaries. We introduce some definitions and denotations in order to recall the

ρ on a set Y is called an
ρ(x, y) ≤ max{ρ(x, z), ρ(y, z)} for all x, y, z ∈ Y . It is known that a metrizable

construction of the extension operator from [8]. Recall that a metric
ultrametric if

space admits an ultrametric compatible with its topology if and only if it is zero-dimensional
(see [13]). Let

X

be a compact zero-dimensional metrizable space. Denote by

of all compact nonempty subsets of the space

UM(A)

X

stand for the set of all continuous ultrametrics defined on the set

the set

S

A, A ∈ exp X .

{UM(A) : A ∈ exp X, |A| ≥ 2} consists of all partial ultrametrics
X . Since the graph of each partial ultrametric is
a compact subset of the space X × X × R, we may consider the set UM as a subspace of
the space exp(X × X × R). For every σ ∈ UM we write dom σ = A if σ ∈ UM(A) and let
kσk = max{σ(x, y) : x, y ∈ dom σ}. It is easy to see that the set UM(A) is closed under the

Then the set

UM =

exp X

endowed with the Vietrois topology. Let

defined on compact subsets of the space

operation of pointwise maximum of two ultrametrics and under multiplying by a positive

A ∈ exp X , |A| ≥ 2. Denote by dimA (Y, ρ) the Assouad dimension of
metric space (Y, ρ) and let C stand for the standard middle-third Cantor set in R. In
sequel, let K = {(x, A) ∈ X × exp X : x ∈ A}.
constant for every

Definition. A metric space
stant

c>0

(Y, ρ)

is called

c-uniformly

disconnected,

the
the

if there exists a con-

such that

cρ(y0 , yn ) ≤ max{ρ(yj−1, yj ) : j ∈ {1, . . . , n}}
for every finite chain

For every
metrics on

A

y 0 , y 1 , . . . , yn

of elements of the set

Y.

A ∈ exp X denote by UDM(A) the set of all continuous uniformly disconnected
and let UDM be the set of all partial uniformly disconnected metrics.

3. Auxiliary results. We are going to recall a construction of an operator extending partial
ultrametrics from

[8].

There exists an ultrametric

Proposition 1 [7].

d(x, y) ≤ 1

for all

To this end, we will need some auxiliary facts from

x, y ∈ C .

Moreover

d

d on the set C

[7]

and

[8].

such that

takes only values of the form

dimA (C, d) = 0 and
1/2k , k ∈ N (binary

rational values).
Proposition 2 [7].

f |(X×exp X)\K

and the restriction
Proposition 3 [7].

and

g(x, A) = x

if

and

w(σ) > 0;

2)

w

f (K) = {0}

g : X ×exp X → X
x ∈ X , A ∈ exp X .

such that

g(x, A) ∈ A

is an embedding.

for all

There exists a map

A ∈ exp X

1)

such that

There exists a continuous map

x∈A

Proposition 4 [8].

σ ∈ UM

f : X ×exp X → C

There exists a continuous map

is continuous;

with

|A| ≥ 2.

w : UM → R

with the following properties for all
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w|U M(A) : UM(A) → R
topology on UM(A).

3) the restriction
convergence

Recall that the map

σ(l(dom σ), r(dom σ)).

w

is continuous with respect to the pointwise

can be chosen as follows. For every

l(dom σ) and r(dom σ)
dom σ ⊂ X ⊂ C ⊂ R.
[8] is the following theorem.
Here

σ ∈ UM

let

w(σ) =

denote respectively the lower and the

upper bounds of the set
The main result of

Theorem 1.

0

σ, σ ∈ UM:
1)

v

There exists a map

v : UM → UM(X),

with the following properties for all

is continuous;

v|U M(A) : UM(A) → UM(X) is continuous with respect to the topology
convergence on UM(A) and UM(X) for every A ∈ exp X with |A| ≥ 2;

2) the restriction
of pointwise
3)

v(σ)

4)

kv(σ)k = kσk;

5)

v(max{σ, σ 0 }) = max{v(σ), v(σ 0)}

6)

v(cσ) = cv(σ)

7)

dimA (X, v(σ)) = dimA (dom σ, σ);

8) if

σ

is an extension of

σ

over

X;

for every constant

if

dom σ = dom σ 0 ;

c > 0;

takes only binary rational values then so does

The extension operator

v : UM → UM(X)

v(σ).

was defined by the formula

v(σ)(x, y) = max{σ(g(x, dom σ), g(y, dom σ)), w(σ)d(f (x, dom σ), f (y, dom σ))}
for all

σ ∈ UM

and

x, y ∈ X .

4. Extending uniformly disconnected metrics. In this section we are going to prove a
counterpart of Theorem 1 for uniformly disconnected metrics defined on compact subsets of
the space

X.

First note that the construction of operators from [7] and [8] can be applied to

extending continuous metrics defined on compact subsets of a zero dimensional metrizable
compact space without any modification. One can easily obtain counterparts of the main
results from [7] and [8] for partial metrics. We now proceed with the following theorem.

Theorem 2.

disconnected, for some

ρ

ρ ∈ UDM we have w(ρ) ∈ UDM(X). Moreover,
c > 0, then so is v(ρ).

For every

Proof.

Let

exp X .

Then the extension of

be an arbitrary continuous

ρ

over

X

c-uniformly disconnected

if

ρ is c-uniformly

metric with

dom ρ = A ∈

is given by the formula

v(ρ)(x, y) = max{ρ(g(x, A), g(y, A)), w(ρ)d(f (x, A), f (y, A))}
for every

x, y ∈ X .
v(ρ)

We show that

d

is a

c-uniformly disconnected.

{y0 , . . . yn } of
c ≤ 1. Using the

Fix arbitrary finite family

X . Without loss of generality we may
1-uniformly disconnected metric we obtain

elements of the space
fact that

is

assume that

cv(ρ)(y0 , yn ) = max{cρ(g(y0, A), g(yn, A)), cw(ρ)d(f (y0, A), f (yn , A))} ≤
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≤ max max{ρ(g(y0, A), g(y1, A)), . . . , ρ(g(yn−1, A), g(yn, A))},
w(ρ) max{d(f (y0, A), f (y1, A)), . . . , d(f (yn−1, A), f (yn , A))} =

= max max{ρ(g(y0 , A), g(y1, A)), w(ρ)d(f (y0, A), f (y1, A))}, . . . ,
max{ρ(g(yn−1, A), g(yn, A)), w(ρ)d(f (yn−1, A), f (yn , A))} =
= max{v(ρ)(y0, y1 ), . . . , v(ρ)(yn−1, yn )}.
Therefore, the metric

v(ρ)

is

c-uniformly disconnected.

Using the proof of Theorem 1 one can show that the extension operator

UDM(X)

v : UDM →

has the same list of properties as for the case of partial ultrametrics.
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